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High�resolution X�ray duffractometry (XRD)
offers an effective approach to the investigation of var�
ious systems with self�organized quantum dots [1–4].
In recent years, much attention was devoted to deter�
mining the distributions of elastic strains around QDs
(see, e.g., review [5] and references therein). These
strains are usually calculated by numerical methods
using either Green’s function formalism or finite ele�
ment method. This problem is difficult for an analysis
and rarely yields analytical solutions. At the same
time, the investigation of systems with QDs by high�
resolution XRD techniques also requires one to con�
struct models with allowance for the distribution of
elastic strains. This task is even more complicated,
since the it stipulates calculations of both the elastic
strain fields and the diffuse X�ray scattering from the
crystal lattice distortions caused by these strains. Evi�
dently, the complexity of these problems accounts for
the still small number of investigations in this direction
[6–8]. 

As is known, a rather complete theory of diffuse
X�ray scattering has only been developed for a model
of crystal with spherically symmetric inclusions. How�
ever, this shape of inclusion is rather rare among self
self�organized QDs. As a rule, the QD sizes in the lat�
eral direction significantly exceed the vertical mea�
surements. Previously developed models [6–8] con�
sidered QDs of cylindrical shape with allowance for
the elastic strain and stress relaxation on the free sur�
face. In these investigations, model solutions for cal�
culating diffuse scattering were presented in the form
of a product of the Fourier transform of the lattice dis�
placement field of a point defect and the QD shape
function. This approach is not quite correct, since the

spatial variations of strains caused by spherical and
cylindrical inclusions are different [9]. On the other
hand, this difference is not as significant for defects of
an ellipsoidal shape. Recently, ellipsoidal InAs quan�
tum dots were observed by scanning tunneling micros�
copy [10]. 

Nenashev and Dvurechenskii [11] suggested to cal�
culate the QD�induced strains using an analogy
between the problems of electrostatics and the theory
of elasticity. According to this approach, the vector of
elastic displacements at a point r in the crystalline
medium, which is related to an inclusion with an arbi�
trary shape can be written as follows: 

(1)

where Λ = ε0(1 + ν)/[4π(1 – ν)]; ε0 = (ainclusion –
amatrix)/amatrix is the relative lattice mismatch between
the inclusion (ainclusion) and matrix (amatrix), ν is the
Poisson ratio, and V is the inclusion volume. Let us
define the potential of a homogeneous inclusion as
follows [11]:
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where Pn(cos(γ)) are the Legendre polynomials and γ
is the angle between vectors r and r'. In terms of this
expansion, the potential (2) can be expressed by the
following series: 

(4)

where 

Here, ϕ0(r) describes the potential of a point or spher�
ically symmetric field; ϕ1(r) and ϕ2(r) are the dipole
and quadrupole terms, respectively; etc. 

According to expressions (1) and (2), the lattice
displacement field due to a QD is determined by the
potential gradient δu(r) = –∇ϕ(r) and, hence, can
also be expressed by a series as 

(5)

where δun(r) = Λ(n + 1) Ωn. 

For a point (or spherically symmetric) source of
elastic stresses, a solution of type (1) is well known as
the lattice displacement field of Coulomb defects [12],
which is determined by the main term of expansion (5)
as shown below: 

(6)

where R is the radius of the spherical inclusion. 
Now let us consider a model of an ellipsoidal QD

(Fig. 1) with the vertical ellipsoid axis lz and the hori�
zontal radius R (2R being the lateral ellipsoid axis).
According to this model, the elastic displacements can
be expressed (to within the quadrupole term of the
multipole expansion) as follows: 

(7)

where A = ΛVell is the strength of the ellipsoidal QD,
Vell = (2π/3)lzR

2 is the volume of the ellipsoid, and B =

⎯ /25. Unlike formula (6), the elastic
displacements of ellipsoidal QDs depend on the angle
θ between the z axis and r direction (Fig. 1). In the case
of lz = 2R, the ellipsoid transforms into a sphere, coef�
ficient B vanishes, and solution (7) coincides with
formula (6). 
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Let us write the intensity of diffuse X�ray scattering
as

(8)

where KD is a constant coefficient [13] and D(q) is the
diffuse scattering amplitude that can be written as fol�
lows: 

(9)

Here, DSW(q) is the amplitude of scattering for
ellipsoidal inclusions with neglect of strains outside
the QD (i.e., the Stokes–Wilson scattering ampli�
tude), DH(q) is the Huang scattering amplitude, and
DQ(q) is the amplitude correction due to the allowance
for the quadrupole term in the strain field. 

The Stokes–Wilson scattering amplitude for a
model ellipsoidal inclusion was calculated in a cylin�
drical coordinate system as 

(10)

where J1(q0Rz) is the first�order Bessel function, q0 =

, and Rz = R . The second term
of sum (9), which describes the Huang scattering, was
calculated in the generalized spherical coordinate sys�
tem. The final expression for the amplitude of this dif�
fuse scattering is as follows 
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where Φ1(q, R, lz) is a function that depends on q =

 and the parameters R and lz of the ellip�
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Fig. 1. Model of an ellipsoidal QD (see text for explana�
tions). 
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The quadrupole correction for R ≤ 4lz is much
smaller than the first two terms in formula (9) and can
be written by analogy with relation (11) as follows: 

(12)

where 

is integral exponent. 
Using the model solution expressed by Eqs. (8)–

(12), we have numerically simulated the diffuse X�ray
scattering intensity in the reciprocal space for a crys�
talline medium with randomly distributed ellipsoidal
QDs. For the sake of simplicity, let us assume the
medium to be infinite, ignore the stress relaxation on
the free surface, and neglect any spatial correlation in
the arrangement of QDs. 
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Figure 2a shows the results of calculations of the of
the diffuse scattering intensity distribution near the
reciprocal lattice node (reciprocal space maps, RSMs)
for a crystalline medium with randomly distributed
ellipsoidal QDs of the same height of 10 nm. Figure 2a
presents the pattern of equal intensity lines (isolines)
for a system with QDs of the same lateral size (radius)
of R = 20 nm. In this and all other RSM maps, the
ratio of intensities between the neighboring isolines is
plotted on a logarithmic scale and amounts to 0.237.
Since the lateral size for these QDs is four times the
height, the patterns of diffuse scattering significantly
differs from that obtained for a medium with spheri�
cally symmetric inclusions [13]. This is manifested by
narrowing of the angular distribution and by its clearly
pronounced oscillatory character. The further increase
in the lateral size (to R = 40 nm) even stronger changes
the shapes of isolines (Fig. 2b) as compared to those
for a system with spherical inclusions. 

In the course of epitaxial growth, it is impossible to
ensure the formation of absolutely identical self�orga�
nized QDs and, hence, it is necessary to perform a
procedure of averaging over the sizes of inclusions.
The results of this procedure are presented in Figs. 2c
and 2d. 
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Fig. 2. RSMs of intensity of diffuse scattering from crystalline medium with randomly distributed ellipsoidal QDs with height of
lz = 10 nm, and lateral size (a, c) R = 20 nm and (b, d) 40 nm in the case (a, b) where all QDs have identical sizes and (c, d) QDs
distributed with 30% variance of vertical and lateral size fluctuations. 
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It should be emphasized that, based on numerical
estimations, it can be concluded that the pattern of
diffuse X�ray scattering is determined primarily by the
first two terms of Eq. (9). The contribution of the qua�
drupole term in the expansion of the lattice displace�
ment field is extremely small in magnitude and resem�
bles the angle distribution of the Huang scattering. 

In conclusion, it should be noted that, although the
elastic strain fields for ellipsoidal inclusions can be cal�
culated using an analytical solution [14], the calcula�
tion of diffuse scattering based on this solution is not
less difficult and requires no shorter computation time
than, e.g., the numerical simulation procedure based
on the finite element method. 
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